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Abstract: To enhance the comprehensive performance of flexible motion platforms in terms
of precise positioning and large displacement amplification, this paper designs and
investigates a novel composite mechanism that combines a rhombic amplification mechanism
with a parallelogram-based flexible structure. Based on the Euler-Bernoulli beam theory and
Castigliano’s second theorem, the displacement amplification ratio and stiffness analytical
model of the rhombic flexible mechanism are derived, and the Lagrangian equation is
employed to establish an analytical model for the natural frequency of the flexible mechanism.
Additionally, an analytical stiffness model for a single parallelogram is developed. Finite
element analysis is then used to simulate the dynamic performance of the mechanism,
verifying the rhombic amplification ratio, overall stiffness, and natural frequency. The results
indicate that the designed composite mechanism achieves a high displacement amplification
ratio, with a fundamental resonance frequency reaching 652 Hz, while maintaining high
positioning accuracy and stability in two-dimensional motion. This meets the demands for
high-precision and long-travel applications in flexible motion platforms. The findings provide
innovative design ideas for applications in micro-nano manipulation, precision positioning
platforms, and flexible sensors.

Keywords: flexible mechanism, piezoelectric ceramics, thombic structure, parallelogram
mechanism.

1. Introduction

Flexible mechanisms [1] emerged in the 1980s and have since become a vital part of mechanism
design, finding wide applications in everyday life and precision manufacturing [2]. Due to their
advantages of minimal assembly requirements, frictionless and gap-free motion, no need for
lubrication, and high motion accuracy, they are an ideal choice for micro- and nano-positioning
technologies [3]. Flexible mechanisms play a crucial role in high-precision fields such as micro-
positioning [4], micromanipulation, and biomedical applications [5].

Previous research has explored numerous displacement amplification mechanisms [6], including
traditional rhombic [7], bridge, Moonie, and Cymbal-type mechanisms, which are widely used in
precision positioning and micro-displacement control due to their compact structure, high
amplification ratio, and good linearity. However, traditional displacement amplification mechanisms
[8] often encounter challenges of insufficient stiffness and low natural frequency when achieving
large displacement amplification. This limits their applicability in situations requiring additional load-
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bearing capacity or high-frequency response. Consequently, many researchers have aimed to enhance
output stiffness and dynamic response in their designs to better meet engineering demands.

The parallelogram flexible mechanism, another widely used type, exhibits high output stiffness
and smooth multidimensional motion stability, especially excelling in flexible motion platform
designs that require high load capacity and minimal distortion [9]. However, the displacement
amplification capability of parallelogram structures is limited, making it difficult to meet the demands
of precision positioning systems for large displacement amplification [9]. Therefore, designing a
novel mechanism that combines the stiffness benefits of the parallelogram structure with the high
amplification characteristics of the rhombic structure—achieving large displacement amplification,
high stiffness, and superior dynamic response—remains an urgent challenge.

To address this, this paper proposes a composite structure that combines a parallelogram with a
rhombic amplification mechanism. Through static and dynamic modeling, the study examines its
performance in displacement amplification, stiffness, and resonance frequency. This structure is
expected to yield a high-performance flexible amplification mechanism suitable for precision optical
platforms, meeting the needs of modern precision positioning and high-frequency response systems.

2. A Novel Composite Flexible Mechanism

Combining the high stiffness of a parallelogram mechanism with the high displacement amplification
capability of a rhombic amplification mechanism is a pressing challenge in the fields of precision
positioning systems and high-frequency response applications. This paper proposes a composite
structure that integrates a parallelogram structure with a rhombic amplification mechanism, designed
using SolidWorks. The mechanism’s performance in displacement amplification, system stiffness,
and resonance frequency is analyzed. Through this innovative design, we aim to develop a high-
performance flexible amplification mechanism suitable for precision optical platforms, meeting
modern demands for large displacement, high stiffness, and excellent dynamic response. The specific
structure is shown in Figure 1.
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(a) Schematic of the Composite Mechanism Model
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(b) Principle Diagram of the Rhombic Displacement Amplifier

Figure 1: Composite Flexible Mechanism

3.  Analytical Model of the Composite Flexible Mechanism
3.1. Displacement Amplification Ratio Model

As shown in Figure 2, let the output force of the piezoelectric ceramic and the load be FPZT and FN,
respectively, with other geometric parameters defined in Figure 1. When the piezoelectric ceramic is
subjected to a positive voltage, the displacement amplification mechanism contracts horizontally by
2Ax with one end fixed, while the other end extends vertically by 2Ay. Due to the symmetry of the
mechanism, one-fourth of the flexible displacement amplification mechanism is selected for
mechanical analysis, yielding the following relationships: Fpzr = 2f;; Fy = 2f,,. As shown in Figure
2, to simplify the mechanical analysis, the flexible arm AB of the rhombic displacement amplification
mechanism is used for force analysis. Considering the fixed boundary conditions of the flexible arm,
points A and B rotate at equal angles, with point A moving horizontally and point B vertically. The
flexible arm AB, constrained by points A and B, experiences a moment 2M,., leading to the following
force equilibrium and moment equilibrium equations [10]:

fax = fox = o = Fpzr/2 (1)
fAy = fo = fy =Fy/2 (2)
2M, = f; 1, sinb + f, I, cosO 3)
y A\ U7

Ay

fﬁ.yA
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Figure 2: Force Analysis of the Rhombic Mechanism

For the simplified flexible arm AB, an analysis shows that AB is subjected to a tensile force along
its length and a pair of moments perpendicular to it. Constraints at points A and B cause a moment
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2M,., which bends the flexible arm during motion, thereby amplifying displacement. Using force and
moment equilibrium equations, the forces and moments along AB at a distance u from point A are:

fx = fycos0 — f,sind
{M = M, — ( fy usinf + f,, ucos6) (4)

Based on the Euler-Bernoulli beam theory, the total strain energy of the flexible arm is the sum of
tensile strain energy V,; and bending strain energy V,,, given by:

Ve=V,+V, (5)

Using Castigliano’s second theorem, the displacement of the mechanism in the x direction is:

3

Ax = e = Inla Uw flaﬂ M du = l“ —= (fx cos® — f, sin®)cos6 + %(fx sinf +

df,  EA 8fy 0 EI 8f,
. 1A @ laM la . ; .
fy cos@)sinfAx = % = ’;N—; aLf;V + fo % %d =1 (fx cost — f, sinf)cos6 + 1;‘; (fy sinf +
fy cosB)sint (6)

Similarly, the displacement in the y direction is:

_ e _ fnla On  rlaM OM o g . . L .
Ay = % 4 o, + f o 5 du=— (fx cosO — f, sinB)sind + T‘Z_I (fx sinf + f,, cosB)cosb

EI @ f
(7
where EA and EI are the tensile stiffness and bending stiffness of the flexible arm AB, respectively.
Based on equations (6) and (7), the displacement amplification ratio under no load (f,=0) is:

2
(1*+h)sinbcos6
Ag=—"7— (8)

lzsin29+h2c0529
3.2. Stiffness Model

To calculate the overall stiffness of the composite flexible mechanism, a two-step approach is used.
Based on the derived amplification ratio formula in Section 2.1, the input stiffness of the displacement
amplification mechanism is obtained as [10]:

3
2f, Edh
Kin = A_;f I 3, ©)
lgh cos?0+1,sin%0
and the output stiffness is:
K.
Kour = A_l: (10)

The design principle of the dual-parallelogram mechanism is shown in Figure 3.
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Figure 3: Principle Diagram of the Dual-Parallelogram Mechanism
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From the deformation principle of the dual-parallelogram flexible unit, the main platform’s
stiffness K,, along the working direction can be expressed as [11]:

2
_ 3 (BB | E
12 mo(E,>] E (11)

where b and [ represent the width and length of the straight beam, E is the Young’s modulus of the
material, and I = bk’ /12 with h being the thickness of the straight beam. F, represents the load on
the main platform along the working direction.

Ignoring the nonlinear terms in equation (2), the stiffness of the dual-parallelogram flexible unit
in the working direction is:

Kyz

- 12EI

K, ~ - (12)
For a single-parallelogram flexible mechanism, the stiffness in the working direction is double:
3
2Ebh
Kn=2"K,= 3 (13)

From the operational state in Figure 4, the output stiffness in the y direction can be simplified as a
combination of four single-parallelogram mechanisms and two rhombic amplifiers. The specific
geometric parameters of the single-parallelogram mechanism are listed in Table 1.

Table 1: Calculation Parameters of the Parallelogram Mechanism

Parameter Value Parameter Value
b(mm) 10 [(mm) 40
h(mm) 1.5 E(GPa) 78

X L
y
=) =

Figure 4: Working State of the Composite Mechanism
For the xy-axis flexible mechanism platform, the output stiffness is identical in the x and y

directions, so calculating one direction’s stiffness suffices. The stiffness of the composite flexible
mechanism in a single direction is therefore:
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K = 2K, + 4K, (14)
3.3. Analytical Model of Natural Frequency

To better simulate real working conditions, an analytical model of natural frequency is established,
where the base of the displacement amplification mechanism is fixed. Using aluminum as the material
with a density of 2700 kg/m?, and calculated through SolidWorks, the mass is 0.013kg. During
motion, it can be approximated as a spring with an effective mass m,; equal to one-third of its actual

mass. The values k., and k, ., represent the output and input stiffnesses, respectively, derived

from Ansys. The theoretically derived resonance frequency of the displacement amplification
mechanism is [12]:

(15)

4.  Finite Element Analysis
4.1. Displacement Amplification Ratio Simulation

To validate the establishment of the analytical model and the accuracy of theoretical results in this
study, a comparison is made between the analytical model’s calculations and the results from finite
element analysis (FEA) for the rhombus-shaped displacement amplification mechanism, using the
FEA results as the benchmark. The specific geometric parameters for the displacement amplification
mechanism are shown in Table 2, and the mesh division for the FEA model is illustrated in Figure 5.

In the FEA, the bottom of the model in Figure 5 is fully constrained, and opposing horizontal
driving forces are applied symmetrically on either side of the flexible mechanism’s long diagonal.
The displacement amplification ratio for the flexible mechanism is calculated as the ratio of the
vertical output displacement to the horizontal input displacement in the simulation results. Partial
displacement amplification ratio results for the rhombus-shaped mechanism are presented in Table 3.

000 2500 S0.00 (rmem)

1250 3150

Figure 5: Finite Element Model
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Table 2: Geometric Parameters of the Rhombus Mechanism

Parameter Value Parameter Value
l,(mm) 31.4 E(GPa) 78
h(mm) 1.0 p(kg/m?) 2700
d(mm) 10

Table 3: Displacement Amplification Ratio Results
o Displacement Amplification Ratio
Angle 6(°) Analytical Model FEA Result Error
15 3.718 3.506 6.04%
20 2.705 2.663 1.57%
25 2.139 2.105 1.61%
30 1.728 1.715 0.75%

Table 2 shows that the analytical model based on Castigliano’s second theorem closely aligns with
the FEA results at larger angles 8, but exhibits a slight error at smaller angles due to the model not
accounting for the influence of hollow regions when calculating bending moments. In practical
engineering applications, an engineering factor should be applied to adjust these results, bringing the
analytical model’s calculations closer to the FEA results.

4.2. Stiffness Simulation

This study also verifies the overall stiffness of the theoretical model, using FEA results as a
benchmark.

In the FEA, the basic constraints are as shown in Figure 1(a), while the stiffness in the y -direction
is verified in Figure 4. A driving force is applied to one side of the short diagonal of the rhombus
amplifier, and the y-direction displacement of the central platform is obtained. The stiffness in the y-
direction for the composite mechanism is calculated as the ratio of the applied driving force to the y-
direction displacement. The theoretical result calculated is 470N/mm, while the FEA result is
441N/mm, with an error of 6.5%.

4.3. Natural Frequency Simulation

Working frequency bandwidth and output displacement amplification ratio are critical parameters for
evaluating the performance of displacement amplification mechanisms. Establishing an accurate
analytical mechanics model between the natural frequency and geometric parameters is essential for
structural optimization. To verify the accuracy of the analytical model for the natural frequency of
the dual-arm rhombus-shaped displacement amplification mechanism, an FEA modal analysis of the
same model was conducted using ANSYS software. The mesh division for the FEA model is
illustrated in Figure 6, with specific structural parameters detailed in the table, and the angle 8 of the
flexible mechanism is set at 25°.

The first six modes of the rhombus-shaped displacement amplification mechanism are shown in
Figure 5, with the third mode representing the deformation mode in the output displacement direction.
The frequency for this mode is 652.9 Hz, while the theoretical calculation yields a natural frequency
of 762 Hz, resulting in a relative error of 16%, which is within the acceptable range for engineering
applications.
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Figure 6: First Six Modes of the Rhombus-shaped Displacement Amplification Mechanism

5. Conclusion

This study investigates a composite structure combining a rhombus amplification mechanism and a
parallelogram flexible mechanism to enhance the comprehensive performance of a flexible motion
platform in precision positioning and large displacement amplification. Through theoretical modeling
and FEA simulations, the performance of the composite mechanism in displacement amplification
ratio, stiffness, and resonance frequency is validated. Experimental results indicate that this composite
mechanism achieves high displacement amplification while maintaining substantial stiffness and low
resonance frequency, meeting the requirements for high precision and large-stroke applications.

This research provides a new design approach for applications in micro-nano manipulation,
precision positioning platforms, and flexible sensors. However, the performance of the mechanism
was only validated within a specific load range; further research could explore dynamic performance
optimization under complex load conditions. Additionally, material modification and structural
optimization to further enhance the stability and applicability of the composite mechanism are
directions worth exploring in future studies.
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